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(1.1) $u’(t)=f(t, u(t))(t>0)$ , $u(0)=u_{0}$
. $u_{0}$ , $t_{n}=nh$
( $h$ , , n. ) $u_{n}$
(1.2) $U_{n,i}=u_{n}+h \sum_{j=1}^{*}a_{i}jf(t+Cjh, U)nn,j(1\leq i\leq S)$ ,
(1.3) $u_{n+1}=u_{n}+h \sum_{1i=}^{S}b_{i}f(t_{n}+c_{i}h, U_{n,i})$
, (1.1) .
, $U_{n,i}$ , $A=(a_{ij})_{1\leq j\leq s}i,,$ $b=(b_{1}, b_{2}, \ldots, b_{s})^{T},$ $c=(c_{1}, c_{2}, \ldots , c_{S})^{T}$
( $s$ ) $\mathrm{R}\mathrm{K}$ . , Gauss
RK , ci $(1 \leq i\leq s)$ $(0,1)$ Gauss , ,
$(d^{s}/d\theta^{S})\{\theta^{S}(1-\theta)^{s}\}$ F $c_{i}$ Lagrange
$\ell_{i}(\theta)$ , $A,$ $b$
(1.4) $a_{ij}= \int_{0}^{c_{l(\theta}}.\cdot j)d\theta$ , $b_{i}= \int_{0}^{1}\ell_{i}(\theta)d\theta$
.
$b_{i}$ (ci ) Gauss
-r, Gauss .
, RK , Gauss
, , 1
. $c_{i}$ Radau left, Radau right, Lobatto , , $c_{i}$
$\mathrm{B}^{\grave{\grave{\mathrm{a}}}}(d^{s-1}/d\theta^{s-1})\{\theta s(1-\theta)s-1\},$ $(d^{s-1}/d\theta^{s-1})\{\theta^{s}-1(1-\theta)^{s}\},$ $(d^{s-2}/d\theta^{S-}2)\{\theta S-1(1-$
$\theta)^{s-1}\}$ . , $\mathrm{R}\mathrm{K}$ ,
$a_{ij}$ (1.4) 1 . , $a_{j}\dot{.}$
( , [6]), 1 $b_{i}$ (1.4)
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1: $\langle$ RK
2 , , Lagrange $l_{i}(\theta)$ $0$ 1
.
(1.5) $u’(t)=\lambda u(t)$ $(\lambda\in oe)$
$\mathrm{R}\mathrm{K}$ ,
(1.6) $u_{n+1}=r(h\lambda)u_{n}$ , $r(z)=1+zb^{T1}(I_{s}-ZA)^{-}e$
. , $I_{s}$ $s$ , $e=(1,1, \ldots, 1)^{T}\in IR^{s}$
. (2.3) , $r(z)$
. $\mathrm{R}\mathrm{K}$ $r(z)$
. 1 $\mathrm{R}\mathrm{K}$ , ( ) Pad\’e
, 60 Ehle [5] .
, (i, Pad\’e , $i$ , $j.\text{ }$ Pad\’e
.
1.1 $(s, s)$ , $(s-1, s)$ , $(s-2, s)$ Pad\’e
(1.7) $|r(z)|<1$ $(\forall{\rm Re} z<0)$
.
$\mathrm{R}\mathrm{K}$ $A$ , (1.7) .
1.1 , 1 , $A$ . RK
. \searrow
. Pad\’e























. (“ $1+$” ) $2/z$ $Z$ ( ,
$s=1$ , $Z=2/z$ ) , $1+2/(-1+Z)$
. ${\rm Re} z<0$ , ${\rm Re} Z<0$ , , 1 $1+2/(-1+Z)=$
$(1+Z)/(-1+Z)$ ${\rm Re} Z<0$ , (1.7)
.
, RK (delay differential equation)
.
2.
(2.1) $u’(t)=f(t, u(t),$ $u(t\cdot-\tau))$
. , $\tau$ ( ) . –
, $\tau$ $t$ $u(t)$ , , $\tau$
, , , $\tau$
. , (2.1) ,
.
RK , $u_{n}$ $u_{n+1}$ ,
$u(t_{n}+c_{i}h-\tau)$ .
, RK ( , [18]), ,
RK $t$
. 1 $b_{i}$ (1.4) 2
, $(1.\dot{3})$ $b_{i}$
(2.2) $w_{i}( \theta)=\int_{0}^{\theta}\ell i(\sigma)d\sigma$
171
, $u_{n}$ $u_{n+1}$ , $[t_{n}, t_{n+1}]$
. ,
, $u_{n}$ $u_{n+1}$ , ( $h<\tau$ ) (2.1)




(2.3) $u’(t)=\lambda u(t)+\mu u(t-\tau)$ $(\lambda, \mu\in \mathit{0}^{\}})$
[1]. , $\lambda,$ $\mu$
(2.4) ${\rm Re}\lambda<-|\mu|$
, $\tau>0$ . , $\mathrm{R}\mathrm{K}$
$A$ , .
$h$
(2.5) $h= \frac{\tau}{m}$ ( $m$ : )




$\alpha=h\lambda$ , $\beta=h\mu$ , $W=(w_{j}(_{C_{i}}))1\leq i,j\leq S$
, $U_{n}’$ $(1.2)-(1.3)$ $(hf(t_{n}+c_{i}h, U_{n,i}))1\leq i\leq s$
( ) .
, (2.3) RK (
$h$ ) .
21 $RK$ $P$ ,
(2.8) ${\rm Re}\alpha<-|\beta|$
$\alpha,$ $\beta$ , $(\mathit{2}.\mathit{6})-(\mathit{2}.7)$
.
(1.5) (2.3) ( $\mu=0$ )
, $\mathrm{R}\mathrm{K}$ $P$ $A$ .
$A$ $\mathrm{R}\mathrm{K}$ $P$ , ,
Zennaro [19] . , Gauss, Radau IIA, Lobatto
IIIA , $P$ .
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22 $RK$ , $P$ .
(i) $A$ .




23 ${\rm Re}\alpha<-|z|$ $\alpha,$ $z$ ,
(i) $I_{s}-\alpha A-ZW$ ,
(ii) $|r_{\alpha}(z)|<1$
, $RK$ $P$ . , $r_{\alpha}(z)$
(2.9) $r_{\alpha}(Z)=1+(\alpha+z)b^{\tau 1}(I_{S^{-}}\alpha A-zW)^{-}e$
2 $\alpha_{J}z$ .








, $r_{\alpha}(z)$ , , Radau $\mathrm{I}\mathrm{A}$ , .



























. , $W$ ( $W$-Transformation)
$\mathrm{R}\mathrm{K}$ ([6], IV.5) .
, Ehle ( 11) Butcher
, [14].
2.4 Radau $IA$ , Lobatto IIIC $P$ .
3.
, , , ,
. , (2.3) $\lambda,$ $\mu$ , ,
$L,$ $M$ ,
(3.1) $u’(t)=Lu(t)+Mu(t-\tau)$
. $\sigma[\cdot]$ , ( ) -
, (3.1) ,
(S) $\sigma[L+\zeta M]\subset C^{-}$ $(\forall|\zeta|\leq 1)$
, $\tau$ $[3, 10]$ . $L,$ $M$
( ) , ,
,
. , , 22
[11] (
$[8, 12]$ , [13] ).
174
35 1) , $(S)$ . $RK$
22 $(i)_{f}(ii)$ , $(P)$ .
(P) (3.1) $\text{ }(\mathit{2}.\mathit{5})$ $h$ $RK$
, $\tau>0_{l}m\geq 1$ .
.
$P$ ,
. $\alpha,$ $\beta$ $X(=hL),$ $\mathrm{Y}(=hM)$ ,
, $I_{s}-\alpha A-\mathcal{Z}W$ , $r_{\alpha}(z)$ , ,
(3.2) $M_{X}(\mathrm{Y})=I_{sd}-A\otimes X-W\otimes \mathrm{Y}$,
(3.3) $R_{X}(Y)=I_{d}+(b^{T}\otimes I_{d})M_{X}(\mathrm{Y})-1(e\otimes I_{d})(x+\mathrm{Y})$
( $d$ $L,$ $M$ ) ,
. , 23 , ( , , in ’ $\mathrm{t}$ Hout
Spijker [9] ).
36




, $(P)$ . , $\rho[\cdot]$ .
,
(3.4) $M_{X}(.\mathrm{Y})=I_{sd}-A\otimes(X+\mathrm{Y})$ , $R_{X}(\mathrm{Y})=r(X+\mathrm{Y})$
. , 35 36
.
Radau IA , Lobatto IIIC $r_{\alpha}(z)$ ,
, , $R_{X}(\mathrm{Y})$ “ ”
. , 2fl .
Butcher , $z,$ $w\in \mathcal{O}$ ${\rm Re} z<0,$ ${\rm Re} w<0$ , ${\rm Re}(z+w)<0$
, , $\sigma[X]\subset O1^{-}$ $\sigma[\mathrm{Y}]\subset C^{-}$
$\sigma[X+\mathrm{Y}]\subset C^{-}$ , ,
. , (3.1) ,
.
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$(\mathrm{L}\mathrm{S})$ $|(|\leq 1$ , $H$ ,
(3.5) $L^{*}H+HL\leq 0$ , $(L+\zeta M)^{*}H+H(L+\zeta M)\leq 0$
.
, $u*$ ” . , $”\leq 0$ ” ,
.
.: (3.1) , , 24
[15].
37 (3.1) , $(S)$ $(LS)$ . ,
Lobatto IIIC $(P)$ . , $(LS)$ $H$
(36) $L^{*}H^{-1}.L-M^{*}H-1M>0$
, Radau $(P)$ . , $”>0$ ”
.
, 2 .
38 $||\cdot||$ ( ) , $\mu[\cdot]$
( , [4]) . $L,$ $M$
(3.7) $\mu[L]<-||M||$
, Lobatto IIIC ( . , J-
, Radau $(P)$ .









(3.9) $L=$ , $M=$
, (S) $\lambda,$ $\mu,$ $\nu$ ,
${\rm Re}\lambda<0$ , ${\rm Re}\lambda{\rm Re}(\lambda\overline{\nu})+({\rm Im}\nu)^{2}<0$ ,
176
$| \mu|<\inf_{\mathrm{e}\mathrm{R}z=0}|\frac{z^{2}-\lambda_{Z-}\nu}{z}$
. , ([16] , Lobatto IIIC
$PR$ ) .
39 (3.8) $(S)$ , Lobatto
IIIC .
, $E_{1}$ $(1, 1)$ 1 $0$ $2\cross 2$ , $(\mathrm{L}\mathrm{S})$
$H$ Riccati
(3.10) $L^{*}H+HL+HMM^{*}H+E_{1}=0$
. , (3.10) ,
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